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Definitions
2

G = (V,E) graph < 1/ \4 7/
— V: a set (vertices) \ / \
— E subset of VxV (edges) 0—

Notations: V = V(G), E = E(G)

21

G connected < Is a path from one to any

other vertex

V(biphenyl) = {1,...,12}

E(biphenyl) = {(1,2), (2,3), (3,4), (4,5),
(5,6), (1,6), (4,7), (7,8), (8,9), (9,10),
(10,11), (11,12), (7,12)}
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Definitions

P(G) — all paths from G

p(i,})) —a path from i to |

A(G) — adjacency matrix of G;

D(G) — distance matrix of G;

A(G);; =11t (1)) € E(G), O otherwise
D(G);; = Ip(1,))| < « for connected graphs



Definitions

o Gutman’s Szeged (1994).

— SZF(G);; = {V(SzF(G);)), E(SzF(G); )}

— V(SzF(G);)) = {s € V(G) | D(G)s; <D(G)s ;}

— E(SzF(G);) = {(s,}) € E(G) | s,t € V(SzF(G),))}
e Diudea’s Cluj (1997, 2001):

— CIF(G);,, = SzF(Gp);,

— G, Is obtained from G by deleting the path p
with exception of its endpoints



Definitions

e Minimal subgraph of G:
— MIinF(G);; = ({1},9)

 Maximal connected subgraph of G:
—VTImp(G);;={s € V(G) | s #]}
— ETmp(G);; ={(u,v) € E(G) | u,v =}
— V(MaxF(G);)) = {seVTmp(G);; ID(VTmMp(G);)s; < =}
— E(MaxF(G);)) = {(s,t) eE(G)]s,t eV(MaxF(G); )}
— MaxF(G);; = (V(MaxF(G);;), E(MaxF(G);)))



Definitions

* CMaxF(G);; - complementary of MaxF(G);;
— CMaxF(G);; = (V(CMaxF(G), ), E(CMaxF(G);))
— V(CMaxF(G),)) = {seV(G)|sV(MaxF(G);)}

— E(CMaxF(G),)) = {(s,) eE(G)s,te V(CMaxF(G); )}
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G selected iand ] |MaxF(G);;

CMaxF(G); ;




Sguare Matrices

* [M];; = [M(G),;|, where M e{MaxF, CMaxF, SZ}
 [CJ];; = max{|CIF(G);; |, P € P(G);}



Sguare Matrices
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B 5 2.1
MaxF | 1 2 3 4 S 6 / 8 9 10 11 12

1 0 1 11 S5 117 11 6 11 11 11 11 11 | 110
2 11 0 1 5 11 11 6 11 11 11 11 11 | 110
3 11 11 0 5 11 11 6 11 11 11 11 11 | 110
4 1 11 11 O 11 11 6 11 11 11 11 11 | 116
3) 11 11 11 5 0 1 6 11 11 11 11 11 | 110
6 11 11 11 5 11 0 6 11 11 11 11 11 | 110
7 1 11 11 6 11 11 O 11 11 11 11 11 | 116
8 1 11 11 6 11 11 5 0 11 11 11 11 | 110
9 11 11 11 6 11 11 5 11 0 11 11 11 | 110
10 1 11 11 6 11 11 5 11 11 0 11 11 | 110
11 1 117 11 6 11 11 5 11 11 11 0 11 | 110
12 1 11 11 6 11 11 5 11 11 11 11 0 110

121 121 121 61 121 121 61 121 121 121 121 121 | 1332

MaxF (G, x) =10x° +12x° +110x™; D1|,_,=1332
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Sguare Matrices
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11 11 11 71 11 11 /1 11 11 11 11 11 | 252

CMaxF

11
12

=252

CMaxF (G, x) =110x +12x° +10x7; D1|,
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Sguare Matrices
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24%° +12x" +8x> +36x° +6x" +12x° +18x°; D1,

=16x° =

SZ (G, X)
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CJ(G,X) = 22X + 24x° + 24x" + 24x° +12x° +14x° +12x°; D1| _,= 624



Counting Polynomials

e arepresentation of a sequence of
numbers, with the exponents showing the
extent of partitions p(G), of a graph
property P(G) while the coefficients are
related to the occurrence of partitions of
extent k

P(G,x) =), m(G,k)-x"



Counting Polynomials

MaxF (G, x) =10x> +12x° +110x*"; D1|,_,=1332

CMaxF(G, x) =110x +12x° +10x7; D1]|,_,= 252

SZ (G, x) =16x° = 24x° +12x"* +8x> +36x° + 6x’ +12x° +18x”; D1|,_,= 708

CJ(G,X) = 22X° + 24x° + 24x" + 24x> +12x° +14x° +12x°; D1| _, = 624



Counting Polynomials
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Counting Polynomials

G Polynomial
Star Sy p MaxF(G,x) = (n +1)x° + nx" + n°x"
CMaxF(G,x) = SZ(G,x) = CJ(G,x) = (n+1D)x° +n°x" +nx"
Path Py MaxF(Gx) = nx’+2> " kx"
CMaxF(G,x) = CJ(G,x) = nx’+2)_ _ (n-k)x"
= 0 k n+1-k
SZ(G.x) = nx" + 421sk§(2n-1+(-1)”)/4 KX + 221sks(2n-3+(-1)”)/4 (2k-1)x
Complete  MaxF(G,x) = nx° + n(n-1)x"*
K

CMaxF(G,x) = CJ(G,x) = SZ(G,x) = nx® +n(n-1)x




Counting Polynomials

Dendrimers Dy ¢
Note: s letter in the
dendrimers formula
IS the layer; on “0”
layer there is 1 atom,
on “1” layer there are
f atoms (counting
the number of atoms
n=f+1).




Counting Polynomials

G Polynomial
Dendrimers* fi(f- 1) 2 L (F)R © )
D MaxF(Gx) =<0 24 Y, (F)™
k+1 f(f-1)° -(f-1)<** -1
+fzo<k<5 s k-1 f(f l) (f 1) 1 f-2

f-2

f(-1)°-2 o gy SR (F () g
CMaxF(G,x)= +f x f2
( ) f2 Zo<k f2

S .|:1k+11 f(f-1)° -(f-1)<*-1
+f20<k<s kl( f)2 2 :C‘J(G1X)

f(f- 1) -2 0

SZ(G,X)=

(f 1)8 -k ” (f- 1) -1 e f(f-1)° -(f-l)k 1
+f ZO<k<s .I: ((f 1) l) + ((f'l) -1) X f-2




Subgraphs Properties

e Theorem 1

— In a not empty graph G, the following relations
hold:

IN

1= Nying < Negr » Nsze < Nyaxe < Ng; Where ny = [A]



_<
Subgraphs Properties

 Theorem 2 <
— CMaxF(G); ; < G means connected subgraph

e Theorem 3
— SzF(G);; < CjF(G);;, < MaxF(G);; < G
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Subgraphs Properties \_v

7/
\
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MaxF | 1 2 3 4 S 6 7 8 9 10 11 12

1 0 1 11 S5 11 11 6 11 11 11 11 11 | 110
2 11 0 1 5 11 11 6 11 11 11 11 11 | 110
3 11 11 0 5 11 11 6 11 11 11 11 11 | 110
4 1 11 11 O 11 11 6 11 11 11 11 11 | 116
5 11 11 11 5 0 1 6 11 11 11 11 11 | 110
6 1 11 11 5 11 0 6 11 11 11 11 11 | 110
7 11 11 1 6 11 11 O 11 11 11 11 11 | 116
8 11 11 11 6 11 11 5 0 11 11 11 11 | 110
9 1 11 11 6 11 11 5 11 0 11 11 11 | 110
10 11 11 11 6 11 11 5 11 11 0 11 11 | 110
11 11 11 11 6 11 11 5 11 11 11 0 11 | 110
12 11 11 117 6 11 11 5 11 11 11 11 0 110

121 121 121 61 121 121 61 121 121 121 121 121 | 1332

MaxF (G, x) =10x° +12x° +110x*"; D1|, _,=1332

e MaxF(G,x) =2-5-x>+ 2:6-x° + 10-11-x11

10



Subgraphs Properties
MaxF(G,x) = 2-5-x° + 2:6-x% + 10-11-x1
e Theorem 4

— The number of occurrences of a given size
subgraph, generated by MaxF criterion applied
to a graph G, equals the number of vertices
consisting the subgraph
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MaxF(G); - red I, blue |



Subgraphs Properties
 Theorem 5
2Nyjine = Ng*(Ng-1)
< 2Ncyaxe < 2Ncgp < 2Ngzp < 2Ny <
Ng(Ng -1)% = (Ng-1)ZNyjine = ZNepine
— CMIinF:
 ng choices of “I” selecting;

 n;-1 vertices (one out);
* Ns-1 choices of “” selecting;
. nG.(nG-l)-(nG—l)
— MinF
e 1 vertex
* Ng-1-(n5-1)



Concluding Remarks

e (MinF) (=) (CMaxF) (=) (Szeged),(Cluj)
e (Szeged),(Cluj) (=) (MaxF) (=) (CMinF)

e Szeged, Cluj, MaxF, CMaxF counting
polynomials:

Ilm Df,s — I:)23+1
fo2
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20 Years Anniversary of Molecular Topology, Cluj-Napoca, Romania

Subgraphs by Pairs of Vertices

Lorentz Jintschi and Mircea V. Diudea
Technical University of Cluj-Napoca, 400641, Romania, htip://lori.academicdirect.org
“Babes-Bolyai” University, Cluj-Napoca, 400028, Romania, hitp://chem.ubbcluj.ro/~diudea

Abstract

Subgraphs obtained by applying several fragmentation criteria are investigated. Two well
known criteria (Szeged and Cluj)," and two new others are defined and characterized. An example
is given for the discussed procedures. The matrix and polynomial representations of vertices
consisting each type of subgraphs were also given. Analytical formulas for the polynomials of
several classes of graphs are derived. The newly introduced subgraphs/fragments, called MaxF and
CMaxF, appear to have interesting properties, which are demonstrated.
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