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Definitions

• G = (V,E) graph ⇔
– V: a set (vertices)
– E subset of V×V (edges)

• Notations: V = V(G), E = E(G)
• G connected ⇔ is a path from one to any 

other vertex
• V(biphenyl) = {1,…,12}
• E(biphenyl) = {(1,2), (2,3), (3,4), (4,5), 

(5,6), (1,6), (4,7), (7,8), (8,9), (9,10), 
(10,11), (11,12), (7,12)}
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Definitions

• P(G) – all paths from G
• p(i,j) – a path from i to j
• A(G) – adjacency matrix of G;
• D(G) – distance matrix of G;
• A(G)i,j = 1 if (i,j) ∈ E(G), 0 otherwise
• D(G)i,j = |p(i,j)| < ∞ for connected graphs



Definitions

• Gutman’s Szeged (1994):
– SzF(G)i,j = {V(SzF(G)i,j), E(SzF(G)i,j)} 
– V(SzF(G)i,j) = {s ∈ V(G) | D(G)s,i <D(G)s,j}
– E(SzF(G)i,j) = {(s,t) ∈ E(G) | s,t ∈ V(SzF(G)i,j)}

• Diudea’s Cluj (1997, 2001):
– CjF(G)i,j,p = SzF(Gp)i,j

– Gp is obtained from G by deleting the path p 
with exception of its endpoints



Definitions

• Minimal subgraph of G:
– MinF(G)i,j = ({i},∅)

• Maximal connected subgraph of G:
– VTmp(G)i,j = {s ∈ V(G) | s ≠ j}
– ETmp(G)i,j = {(u,v) ∈ E(G) | u,v ≠ j}
– V(MaxF(G)i,j) = {s∈VTmp(G)i,j |D(VTmp(G)i,j)s,i < ∞}
– E(MaxF(G)i,j) = {(s,t)∈E(G)|s,t ∈V(MaxF(G)i,j)}
– MaxF(G)i,j = (V(MaxF(G)i,j), E(MaxF(G)i,j))  



Definitions

• CMaxF(G)i,j - complementary of MaxF(G)i,j
– CMaxF(G)i,j = (V(CMaxF(G)i,j), E(CMaxF(G)i,j))
– V(CMaxF(G)i,j) = {s∈V(G)|s∉V(MaxF(G)i,j)}
– E(CMaxF(G)i,j) = {(s,t)∈E(G)|s,t∈V(CMaxF(G)i,j)}

G selected i and j MaxF(G)i,j

CMaxF(G)i,j
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Square Matrices

• [M]i,j = |M(G)i,j|, where M ∈{MaxF, CMaxF, SZ}
• [CJ]i,j = max{|CJF(G)i,j,p|,  p ∈ P(G)i,j}



Square Matrices

MaxF 1 2 3 4 5 6 7 8 9 10 11 12  
1 0 11 11 5 11 11 6 11 11 11 11 11 110 
2 11 0 11 5 11 11 6 11 11 11 11 11 110 
3 11 11 0 5 11 11 6 11 11 11 11 11 110 
4 11 11 11 0 11 11 6 11 11 11 11 11 116 
5 11 11 11 5 0 11 6 11 11 11 11 11 110 
6 11 11 11 5 11 0 6 11 11 11 11 11 110 
7 11 11 11 6 11 11 0 11 11 11 11 11 116 
8 11 11 11 6 11 11 5 0 11 11 11 11 110 
9 11 11 11 6 11 11 5 11 0 11 11 11 110 

10 11 11 11 6 11 11 5 11 11 0 11 11 110 
11 11 11 11 6 11 11 5 11 11 11 0 11 110 
12 11 11 11 6 11 11 5 11 11 11 11 0 110 

 121 121 121 61 121 121 61 121 121 121 121 121 1332 
              

1332|1;1101210),( 1
1165 =++= =xDxxxxGMaxF  
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Square Matrices 1
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CMaxF 1 2 3 4 5 6 7 8 9 10 11 12  
1 0 1 1 7 1 1 6 1 1 1 1 1 22 
2 1 0 1 7 1 1 6 1 1 1 1 1 22 
3 1 1 0 7 1 1 6 1 1 1 1 1 22 
4 1 1 1 0 1 1 6 1 1 1 1 1 16 
5 1 1 1 7 0 1 6 1 1 1 1 1 22 
6 1 1 1 7 1 0 6 1 1 1 1 1 22 
7 1 1 1 6 1 1 0 1 1 1 1 1 16 
8 1 1 1 6 1 1 7 0 1 1 1 1 22 
9 1 1 1 6 1 1 7 1 0 1 1 1 22 

10 1 1 1 6 1 1 7 1 1 0 1 1 22 
11 1 1 1 6 1 1 7 1 1 1 0 1 22 
12 1 1 1 6 1 1 7 1 1 1 1 0 22 

 11 11 11 71 11 11 71 11 11 11 11 11 252 
              

252|1;1012110),( 1
6 7 =++= =xDxxxxGCMaxF  



Square Matrices 1
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SZ 1 2 3 4 5 6 7 8 9 10 11 12  
1 0 3 2 3 2 3 3 5 5 6 5 5 42 
2 9 0 3 2 3 2 4 4 6 6 6 4 49 
3 8 9 0 3 2 9 3 6 6 7 6 6 65 
4 9 8 9 0 9 8 6 6 8 7 8 6 84 
5 8 9 2 3 0 9 3 6 6 7 6 6 65 
6 9 2 3 2 3 0 4 4 6 6 6 4 49 
7 7 8 6 6 6 8 0 9 8 9 8 9 84 
8 7 6 6 3 6 6 3 0 9 8 9 2 65 
9 6 6 4 4 4 6 2 3 0 9 2 3 49 

10 6 5 5 3 5 5 3 2 3 0 3 2 42 
11 6 6 4 4 4 6 2 3 2 9 0 3 49 
12 7 6 6 3 6 6 3 2 9 8 9 0 65 

 82 68 50 36 50 68 36 50 68 82 68 50 708 
              

708|1;18126368122416),( 1
98765432 =++++++== =xDxxxxxxxxxGSZ  



Square Matrices 1
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CJ 1 2 3 4 5 6 7 8 9 10 11 12  
1 0 3 2 2 2 3 3 3 3 3 3 3 30 
2 9 0 3 2 2 2 4 4 4 4 4 4 42 
3 8 9 0 3 2 8 5 5 5 5 5 5 60 
4 8 8 9 0 9 8 6 6 6 6 6 6 78 
5 8 8 2 3 0 9 5 5 5 5 5 5 60 
6 9 2 2 2 3 0 4 4 4 4 4 4 42 
7 6 6 6 6 6 6 0 9 8 8 8 9 78 
8 5 5 5 5 5 5 3 0 9 8 8 2 60 
9 4 4 4 4 4 4 2 3 0 9 2 2 42 
10 3 3 3 3 3 3 2 2 3 0 3 2 30 
11 4 4 4 4 4 4 2 2 2 9 0 3 42 
12 5 5 5 5 5 5 3 2 8 8 9 0 60 
 69 57 45 39 45 57 39 45 57 69 57 45 624 
              

624|1;12141224242422),( 1
9865432 =++++++= =xDxxxxxxxxGCJ  



Counting Polynomials

• a representation of a sequence of 
numbers, with the exponents showing the 
extent of partitions p(G),  of a graph 
property P(G) while the coefficients are 
related to the occurrence of partitions of 
extent k

∑ ⋅=
k

kxkGmxGP ),(),(



Counting Polynomials

1332|1;1101210),( 1
1165 =++= =xDxxxxGMaxF

252|1;1012110),( 1
6 7 =++= =xDxxxxGCMaxF

708|1;18126368122416),( 1
98765432 =++++++== =xDxxxxxxxxxGSZ
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9865432 =++++++= =xDxxxxxxxxGCJ



Counting Polynomials
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Counting Polynomials

 G Polynomial 
1 Star S1,n MaxF(G,x) = 0 1 2 n(n 1) n n+ + +x x x  

CMaxF(G,x) = SZ(G,x) = CJ(G,x) = 0 2 1 n( 1) n n+ + +n x x x  

2 Path Pn MaxF(G,x) = 0 k
1 k<n

n 2 k
≤

+ ∑x x  

CMaxF(G,x) = CJ(G,x) = 0 k
1 k<n

n 2 (n-k)
≤

+ ∑x x  

SZ(G,x) = ( ) ( )n n
0 k n+1-k

1 k 2n-1+(-1) 4 1 k 2n-3+(-1) 4
n 4 k 2 (2k-1)

≤ ≤ ≤ ≤
+ +∑ ∑x x x  

3 Complete 
Kn 

MaxF(G,x) = 0 n-1n n(n-1)+x x  

CMaxF(G,x) = CJ(G,x) = SZ(G,x) = 0n n(n-1)+x x  

 

Σ



Counting Polynomials
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Dendrimers Df,s
Note: s letter in the 
dendrimers formula 
is the layer; on “0” 
layer there is 1 atom, 
on “1” layer there are 
f atoms (counting 
the number of atoms 
n = f + 1). 

∆



Counting Polynomials
G Polynomial 
Dendrimers* 
Df,s 
 

k+1

s k+1

(f-1) -1s k+1
0 s-k-1 f-2

0 k<s

f(f-1) -(f-1) -1s k+1
s-k-1 f-2

0 k<s

f(f-1) -2 (f-1) -1MaxF(G, ) +f (f-1)
f-2 f-2

f(f-1) -(f-1) -1+f (f-1)
f-2

≤

≤

= ∑

∑

x x x

x

 

k+1

s k+1

(f-1) -1s s k+1
0 s-k-1 f-2

0 k<s

f(f-1) -(f-1) -1k+1
s-k-1 f-2

0 k<s

f(f-1) -2 f(f-1) -(f-1) -1CMaxF(G, )= +f (f-1)
f-2 f-2

(f-1) -1+f (f-1) =CJ(G, )
f-2

≤

≤

∑

∑

x x x

x x

 

( ) ( )
k s k

s
0

(f-1) -1 f(f-1) -(f-1) -1s-k
2k 2k-1f-2 f-2

0<k s

f(f-1) -2SZ(G, )=
f-2

(f-1)+f (f-1) -1 + (f-1) -1
f-2≤

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

∑

x x

x x

Σ



Subgraphs Properties
• Theorem 1

– In a not empty graph G, the following relations 
hold:

1= nMinF ≤ nCJF , nSZF ≤ nMaxF ≤ nG;  where nA = |A|

≤



Subgraphs Properties

• Theorem 2
– CMaxF(G)i,j G       means connected subgraph

• Theorem 3
– SzF(G)i,j CjF(G)i,j,p MaxF(G)i,j G

≺

≺

≺ ≺ ≺

≺



Subgraphs Properties

• MaxF(G,x) = 2·5·x5 + 2·6·x6 + 10·11·x11
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MaxF 1 2 3 4 5 6 7 8 9 10 11 12  
1 0 11 11 5 11 11 6 11 11 11 11 11 110 
2 11 0 11 5 11 11 6 11 11 11 11 11 110 
3 11 11 0 5 11 11 6 11 11 11 11 11 110 
4 11 11 11 0 11 11 6 11 11 11 11 11 116 
5 11 11 11 5 0 11 6 11 11 11 11 11 110 
6 11 11 11 5 11 0 6 11 11 11 11 11 110 
7 11 11 11 6 11 11 0 11 11 11 11 11 116 
8 11 11 11 6 11 11 5 0 11 11 11 11 110 
9 11 11 11 6 11 11 5 11 0 11 11 11 110 

10 11 11 11 6 11 11 5 11 11 0 11 11 110 
11 11 11 11 6 11 11 5 11 11 11 0 11 110 
12 11 11 11 6 11 11 5 11 11 11 11 0 110 

 121 121 121 61 121 121 61 121 121 121 121 121 1332 
              

1332|1;1101210),( 1
1165 =++= =xDxxxxGMaxF  



Subgraphs Properties
MaxF(G,x) = 2·5·x5 + 2·6·x6 + 10·11·x11

• Theorem 4
– The number of occurrences of a given size 

subgraph, generated by MaxF criterion applied 
to a graph G, equals the number of vertices 
consisting the subgraph

MaxF(G)i,j - red i, blue j
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Subgraphs Properties
• Theorem 5

ΣnMinF = nG·(nG-1)
≤ ΣnCMaxF ≤ ΣnCJF ≤ ΣnSZF ≤ ΣnMaxF ≤
nG·(nG -1)2 = (nG-1)ΣnMinF = ΣnCMinF

– CMinF:
• nG choices of “i” selecting;
• nG-1 vertices (one out);
• nG-1 choices of “j” selecting;
• nG·(nG-1)·(nG-1)

– MinF
• 1 vertex
• nG·1·(nG-1)



Concluding Remarks

• (MinF) (≤)  (CMaxF) (≤) (Szeged),(Cluj)
• (Szeged),(Cluj) (≤) (MaxF) (≤) (CMinF)
• Szeged, Cluj, MaxF, CMaxF counting 

polynomials:

Λ

f ,s 2s 1f 2
lim D P +→

=
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Thank you for your attention!

• http://lori.academicdirect.org/
– http://vl.academicdirect.org/

• /molecular_topology/counting_polynomial/
• /molecular_topology/vertex_cutting/
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