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SIMULATION OF DIFFUSION EQUATION

Elena Maria PICA, Lorentz JANTSCHI

Technical University of Cluj-Napoca

Abstract. The paper presents a simulation model of diffusion equation which
describes the variation rate of the particles concentration in time in a non-
homomogenous zone using an exact solution of the diffusion equation. It may be
used to describe the electrode kinetics, too.

The diffusion equation being a differential order 11 equation, against distance and
of first order against to time, for its solving the initial and limiting conditions have

been taken into consideration.

1. Introduction

In the diffusion processes the heterogeneities are blured in time. An example is the
temperature of a metal rod/bar which was heated at an end; if the source of heat is removed
the rod/bar will stabilize and get a steady temperature.

Another example, more relevant for chemistry is the distribution of the dissolved
substance concentration in solution when the solvent is added.

The diffusion phenomenon in the case of the solution is analyzed. The method may be
successfully applied also in the case of other physical properties, like temperature.
The aim of the paper is to obtain the equation of the rate of variation of the particle
concentration as well as the equation of the electrode current in a KCI 0,1 M solution, initially
saturated with oxygen.

Also, the discussion is continued on the graphical representation of the variations in

time and their physico-chemical interpretation.
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2. Theoretical Consideration. Equation Model

We start with the general equation of diffusion [1,2], which relates the rate of the
concentration variation of a dissolved chemical species in time, oc/ct, at the coordinate-value
x against the considered electrode, with the quadratic derivative of the concentration ¢ with
the coordinate x, °cox’ at the moment t:

dc o%c
o Par
where: D is the diffusion coefficient of the species considered in the electrolyte film (m%). It

M

is to be noticed that the equation (I) was established by Fick in 1855 and it is known under the
name Fick's Second Diffusion Law.

Be it a thin layer of a cross section A which extends from x to x + | as in Figure I,
where the diffusion flux is graphical represented through a plane surface.

In figure 1 it is noticed that the net flux of diffusion is the difference between the input

flux Jp(x) and output flux Jo(x+1).

J(x+

Fig.1.

Be it ¢ the value of the concentration dissolved species, concentration which depends
on the distance x and the temporal coordinate t. The quantity of particles entering the surface
layer A in unit of time is Jp(x)-A and the variation rate of the molar concentration when
entering the superficial layer of length | (with the volume A:l) determined by the diffusion

flux Jp(X) is:

oc(x) _ Jp(x)A4 _ Jp(x) @)
or Al /
The rate of the variation of molar concentration at the output from the layer of
thickness | (and coordinate x + ), determined by the diffusion flux Jp(x+l) is:
oe(x+1) Jp(x+DA  Jy(x+1)
o Al
Thus the plane variation of the concentration is:

3)



49
Acta Technica Napocensis, series Applied Mathematics and Mechanics,
nr. 42, vol. 11, pag. 47-54,1999, ISSN 1221-5872.

Oc(x) Oc(x+l) _Jp(x)-Jpx+]) @)
ot ot )
Each flux is proportional with the concentration gradient in the layer considered.

Using Fick's first law [1,2] we obtain:

0 0
Jp(x)=Jp(x+1)= —Dac(x)+Dac(x+I) =

2
—_p&® +D£(c(x)+wl] = Dla—f
o ox ox ox

&)

Note that substituting the equation (5) in the equation (4) the expression of Fick's
second law (1) is found again.

The diffusion equation (1) will be solved through a model of mathematical simulation,
using an exact solution of the diffusion equation [3].

A similar treatment of the diffusion is presented in literature and it is even discussed
but for the approximate solving of the equation [I] the numerical method is used, that is the
divided differences method [4-6].

When the concentration varies suddenly as compared to the distance x, then the
concentration varies quickly with the times t (see equation 1). Also, when the concentration
decreases linearly with the distance x then, according to the equation (1) the time dependence
of the concentration is a constant function (the concentration is unchanged in time). This
represents the ideal case of the stationary diffusion.

The phenomenon of diffusion may be accompanied by the convection phenomenon.
Convection is the transport of particles of the dissolved substance, caused by the motion of
the solution layer.

Calculating the flux of convection Jc(x) for the particles with the concentration e(x),
which cross the area A in the time intervalul L1t at the speed v, the following is obtained:

. c(x)AvAL
e

=c(x)v 6)

The variation of the concentration in time within a layer with a thickness | and area A
is obtained on the way shown by the equation (2)-(4):
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de(x) de(x+l) _ Jo(x)=Jo(x+1)

7
ot ot ] (7
and Jc(x)-Jc(x+1) are obtained through:
Je(x)—Jex+D=c(x)v~c(x+Iv=
=c(x)v— (c(x) + 2489, l)v = _vl.‘?fg_’fl (8)
ox ox

Hence, the variation of the concentration, induced by the convention phenomenon,

results:

' c(x
Oc(x) de(x+1) - oc(x) ©)
ot ot Ox
Taking into consideration both phenomena discussed, diffusion and convection, the
total variation of the concentrations is given by the sum of the variations of the concentrations

induced by the two phenomena and, after making the calculations the following is obtained:
=D—-v— (10)

The law is also known under the name of general law of convective - diffusion [1,2].

In the case of a chemical reaction, the variation of concentration may be induced by
the development of the respective reaction, too. In this case, in the general expression of the
diffusion equation besides the terms corresponding to the diffusion and convection some other
terms also occur, terms characteristics to the respective chemical reaction. Such a situation is

thoroughly discussed in [7].
3. Results and discussions
Equation (1) is a quadric differential equation against to the distance and of first order

against time. Thus one must specify two limit conditions for the spatial dependence and an

initial condition for the time dependence.
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We consider the case of an electrode immerged in a solvent with the active surface
considered plane in which the dissolved substance is, initially, on the surface of the electrode
of an area A. As an initial condition, for t = 0 we have all the ng particles concentrated on the
surface of the electrode (x = 0). Also, the concentration should be finite in any point and the
total number of particles in the solution is at any moment no. Hence, it results that the flux of
diffusion Jp(x) is zero on the surface of the electrode (x = 0) and at the limit of the system (x =
o). In these conditions, the equation (1) is integrable and has the exact solution given by:
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Moo an (11)

(= ——
ANTDt
Equation (11) may be checked by a direct substitution in the equation (1).

Equation (11) has been graphically represented in figure 2, for the following numerical

values for the diffusion parameters.

+ np = 10® mol (the number of the moles initially present on the surface of the electrode)

+ A =4-10%m? (the surface of the electrode)

+ D =10 m?s (the diffusion coefficient of the dissolved species)

+ x=2:10" m (the limit of the diffusion layer) (12)

For the time interval te(0.ls,5s) the curve of the variation of the dissolved species

concentration, imposed by relation (12), in figure 2 is presented.

08 6 x I
0.6 - .
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5| ]
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2 4 6 2 4 6

Fig.2. Fig.3.
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As it is seen in figure 2, the curve describes a diffusion equation analogue with some
sequences of chemical reactions when an intermediate is formed and when the rate constant of
the rust reaction is higher then rate constant of the second reaction. Suppose the species
dissolved was oxygen and it was reduced on the surface of an electrode, whose surface is
equal with the plane surface of diffusion considered, indeed, if the reaction develops within
two stages, with the formation of the peroxidic intermediate oxygenated water H,O,, the
diffusion process would be analogue to a reaction sequence. In this case, we leave the

contribution of the terms of reaction, aside:

+ np = 10" mol (the number of the moles initially present on the surface of the electrode)

+ A =4.10? m? (the surface of the electrode)

+ D =10 m?s (the diffusion coefficient of the dissolved species)

+  x =810 m (the limit of the diffusion layer) (13)

For the same interval of time te(0.1s,5s) the curve of the variation of the dissolved
species concentration, imposed by relation (13), in figure 3 is presented.

As it is seen in figure 3, the diffusion equation is analogue with a chemical reaction of
the first order. On the basis of the same hypotheses, but considering the present example, as a
reaction of a general reduction of the oxygen the curve represented in figure 3, corresponds to
a reduction equation of the first order. In fact, for the reaction of reducing the oxygen in the
case of an oxygen sensor with membrane, the contribution of the reaction term, has been left
aside [8,9].

Through the integration of the variation of the dissolved species concentration on the
surface of the electrode (x = Q) (after the transfer function inferred from Faraday's and Fick's
laws) [10] the following is obtained:

n
i(t)=n,FAD——— (14)
T A-(mDr)”
and referring to the initial value i(0) of the current, the relative current w(t) is obtained:
w(t) = @ (15)

i(0)



53
Acta Technica Napocensis, series Applied Mathematics and Mechanics,
nr. 42, vol. 11, pag. 47-54,1999, ISSN 1221-5872.

If we represent the relative current w(t) produced on the electrode by shifting the
chemical species, here in the case of reducing the oxygen, against the time for the equation
(11) and the values of the diffusion parameters given by the equation (12), the curve in figure

4 is obtained.

Fig.4.
As it is seen from figure 4, the curve of variation of the current is decreasing, as it
must be obtained when the particles which diffuse, are reduced on the electrode surface, so it
is consumed when the solution is no more saturated with the dissolved substance; in the pre-

sent case the dissolved oxygen.

4. Conclusions

We tried to represent the diffusion equation by means of a mathematical model which
uses an exact solution for diffusion, not the numerical methods of an approximate solving.

We found a variation of concentration against to time, for the conditions given by the
relations discovered. This variation is analogue either with the successive reactions with an
intermediate and when the rate constant of the first reaction is higher than the that of the
second reaction, or with a reaction of the first order.

The function of the current variation is decreasing and depends on the conditions
imposed by the discovered relation.

The performed study is, in fact, a first attempt of solving the physical aspects in
solutions, within which chemical reactions are also developed, either in the solution or on the
surface of some electrodes.

We have in view to go deeply into these studies, taking, into consideration the
additional terms that occur, owing to the chemical reactions or to the types of chemical bonds

which are established among different particles.
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Simularea ecuatiei de difuzie

Tn lucrare se prezinta un model de simulare a ecuatiei de difuzie, care descrie viteza de
variatie a concentratiei particulelor cu timpul ntr-o regiune neomogena, utilizand o solutie
exacta a ecuatiei difuziei. Aceasta poate fi utilizata si pentru descrierea cineticii de electrod.

Ecuatia de difuzie fiind o ecuatie diferentiala de ordinul Il, referitor la distanta si

ordinul I referitor la timp, pentru rezolvarea ei s-a tinut cont de conditiile la limita si initiale.
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