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Abstract: Starting from the structure of C26 fullerene and by using a series of map operations, a series 

of hyperstructures were obtained and investigated. A series of measures were performed in order to characterize 
the obtained hyperstructures and the estimations of the relationship between them were done. Images of two 
hyperstructures showing greatest informational entropy and lowest energy respectively between investigated 
ones, geometry optimized are given. 
 

INTRODUCTION 
 

The Fullerenes are a family of carbon allotropes composed entirely of carbon of valence 
3 (Kroto et al., 1985) and could be found in different forms as a hollow sphere, ellipsoid, tube 
or their derivations and combinations. A new research field of carbon-based materials with 
some extremely useful properties have been open since the discovery of fullerene buckyballs 
(the most known, C60, was discovered in 1985, by Richard Buckminster Fuller), and carbon 
nanotubes (Sumio, 1991). Since their discovery, a series of properties have been identified 
and studied: aggregation (Zhang et al., 2008; Wong-Ekkabut et al., 2008), vibrational (Graja 
et al., 2008), antibiofouling potential (Lyon et al., 2008), cytotoxicity and antibacterial 
properties (Lyon et al., 2008), photoabsorption (Koponen et al., 2008), emission and magneto-
optic properties (Noiseux et al., 2008), etc.  

A series of map operations (Diudea, 2005; Diudea, 2004; Klein et al., 1997) have been 
introduced and proved their abilities in generation of theoretical models of fullerenes with 
various size faces and coverings (Ştefu and Diudea, 2007). In presented research the map 
operations (Ştefu and Diudea, 2007) were used for generating hyper-structures starting from 
an isomer of C26 fullerene. The obtained hyperstructures were characterized by using a series 
of parameters and the links between them were investigated. 
 

MATERIAL AND METHOD 
 

An isomer of the the C26 fullerene (Figure 1) was the starting structure from which the 
hyperstructures were obtained. 

A graph is embedded in a surface S when it is drawn on S in that manner in which any 
two edges do not intersect each other (Harary, 1969). A graph is planar if it can be embedded 
in a plane. A map M is a combinatorial representation of a graph embedded in a surface 
(Pisanski and Randić, 2000) and creates a tessellation on that surface. The map operations are 
geometrical and topological transformations of a given map. The following notations are used 
in a map: v - the number of vertices, e - the number of edges, f - the number of faces. For 
example, the C26 fullerene has all vertices of degree 3, v3 = 26, e = 39 and 15 faces from 
which of size 5 and 6 (f5 = 12, and f6 = 3, respectively). 
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C26 fulerene The Schlegel projection of C26 

  
Figure 1.  

An isomer of the C26 fullerene  
 
The Map Operations can be classified in simple, composite, generalized and other 

operations (Diudea and John, 2001; Diudea, 2004; Diudea, 2005). The simple and composite 
operations used in this study were implemented into a computer program (CVNET; Ştefu and 
Diudea, 2007) which was used in construction of hyper-structures based on structure of 
fullerene C26. The summary of these operations is presented in Table 1. 
 

Table 1.  
Map Operations 

Type Name Description Ref 
Simple 

1 Dualization 
(Du) 

Du of a map locate new a point in the centre of each face and join two such 
points if their corresponding faces share a common edge. 

(Pisanski and 
Randić, 2000)

2 Medial (Me) Me puts the new vertices as the midpoints of the original edges and join 
two vertices if and only if the original edges are incident and consecutive 
on a face in the original map. 

(Fowler and 
Pisanski, 

1994) 
3 Truncation 

(Tr) 
Tr puts two new vertices on each edge, then for each old vertex joins the 
new vertices around them, finally cut off the old vertex.  

(Pisanski and 
Randić, 2000)

4 Stellation (St) St adds a new vertex in the center of every face and connects it with the 
boundary vertices. The old vertices and edges are kept. 

(Pisanski and 
Randić, 2000)

5 Capping (P4) P4 adds a new vertex in the center of every face and puts new vertices as 
the midpoints of the original edges. Connect the new vertices from every 
face center with the edges midpoints of that face.  

(Diudea, 
2004) 

6 P5 P5 adds a new vertex in the center of every face and puts two new vertices 
on each edge. For every face, connects then the vertices from the face 
centre alternatively with the vertices from the edges. 

(Diudea, 
2004) 

Composite 

1 Leapfrog Le Le = Du·St = Tr·Du (Diudea et al., 
2003) 

2 Quadrupling 
Q 

Q adds a new cycle of the same size inside of each cycle/face and connects 
the two cycles vertex by vertex. Next, the old edges are deleted. The 
transformation preserves the initial orientation of all parent faces in the 
map as well as the initial vertices 

(Fowler et al., 
1988) 

3 Capra Ca Ca puts two new points on each edge of the map. Next, puts a new cycle of 
the same size in the center of each face and connects the vertices from the 
face centre alternatively with the vertices from the edges.  

(Diudea, 
2003; Diudea, 

2005) 

Note: Capra and P5 are chiral operations (have two variants) and generate chiral objects 
 
 
A series of QSAR (Quantitative Structure-Activity Relationships) parameters were 

calculated on the obtained hyperstructures by using HyperChem (HyperChem, 2008): volume 
(Vol), hydration energy (HydE), logarithm of octanol (LogP), refractivity index (Ref), and 
polarizability index (Pol). In addition, informational entropy (Ent) and energy (Eng) of the 
faces were calculated starting from the following knowledge: 
÷ The number of total faces are known 
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÷ The size of faces are known (see Table 2) 
÷ The probabilities (abbreviated as p) associated to the occurrence of a face of a given size 

(event xi below) can be obtained and were used to obtain the informational entropy 
(Shannon, 1948) and energy (Onicescu, 1966) of the resulted structure: 

p

i 2 i
i 1

Ent p(x ) log (p(x ))
=

= −∑  and  
n

2
i

i 1
Eng p (x )

=

=∑
The link analysis was performed by computing a series of correlation coefficients and 

associated probabilities (Bolboacă and Jäntschi, 2006; Bolboacă et al., 2008). 
 
 

RESULTS 
 

Starting from the C26 fullerene (Figure 1), a series of map operations were performed 
and the characteristics of the resulted hyperstructures are presented in Table 2. 

Table 2. 
QSAR parameters on resulted structure on investigated C26 fullerene 

Op. V E Faces (total-f; and by size - fi) Ent Eng Vol HydE LogP Ref Pol 
Du* 15 39 f=26; f3=26 0.000 1.000 417.3 0.00 0.00 0.00 0.00 
Me 39 78 f=41; f3=26; f5=12; f6=3 0.885 0.493 763.3 0.00 -5.33 102.20 41.38 
Tr 78 117 f=41; f3=26; f10=12; f12=3 0.885 0.493 1785.0 -0.78 0.00 0.00 105.50 
St* 41 117 f=78; f3=78 0.000 1.000 701.66 0.00 0.00 0.00 0.00 
P4* 80 156 f=78; f4=78 0.000 1.000 1413.33 -0.12 -5.33 102.20 960.88 
P5* 119 195 f=78; f5=78 0.000 1.000 1803.5 -0.16 0.00 0.00 140.61 
Le 78 117 f=41; f5=12; f6=29 1.773 0.586 1556.0 -0.49 0.00 0.00 105.50 
Q 104 156 f=54; f5=12; f6=42 2.170 0.654 2001.0 -0.62 0.00 0.00 140.60 
Ca 182 273 f=93; f5=12; f6=81 2.954 0.775 3350.0 -1.01 -0.46 7.88 246.10 
Le·Q 312 468 f=158; f5=12; f6=146 3.719 0.86 5600.7 -1.67 0.00 0.00 421.80 
Le·Ca 546 819 f=275 f5=12; f6=263 4.518 0.917 8831.3 -1.91 0.00 0.00 738.20 
Q·Ca 728 1092 f=366 f5=12; f6=354 4.931 0.937 12801.0 -3.82 0.00 0.00 984.20 
Le·Le 234 351 f=119 f5=12; f6=107 3.310 0.819 3915.27 -0.85 0.00 0.00 316.37 
Q·Q 416 624 f=210 f5=12; f6= 198 4.129 0.892 6767.85 -1.46 0.00 0.00 562.43 
Du·Le 78 117 f=41; f3=26; f10=12; f12=3 0.885 0.493 1446.9 -0.43 0.00 0.00 105.46 
Le·Du* 41 117 f=78; f3=78 0.000 1.000 701.5 0.00 0.00 0.00 0.00 
Du·Q* 93 156 f=65; f3=26; f6=39; 1.322 0.520 1746.3 -0.28 0.00 0.00 105.46 
Q·Du* 54 156 f=104; f3=104; 0.000 1.000 914.92 0.00 0.00 0.00 0.00 
Du·Ca* 171 273 f=104; f3=26; f6=78; 2.000 0.625 2992.2 -0.34 0.00 0.00 210.91 
Ca·Du* 93 273 f=182; f3=182; 0.000 1.000 1275.8 0.00 0.00 0.00 0.00 
Tr·Le 234 351 f=119; f3=26; f6=78; f10=12; f12=3; 2.385 0.488 3885.8 -0.50 0.00 0.00 316.37 
Tr·Q 312 468 f=158; f3=26; f6=117; f10=12; f12=3; 2.747 0.582 5528.1 -1.15 0.00 0.00 421.82 
Tr·Ca 546 819 f=275; f3=26; f6=234; f10=12; f12=3; 3.486 0.735 8473.9 -1.89 0.00 0.00 738.19 
Ca·Med 273 546 f=275; f3=182; f5=12; f6=81; 0.940 0.527 3898.67 0.00 -37.29 715.40 289.85 
Ca·Tr 546 819 f=275; f3=182; f10=12; f12=81; 0.940 0.527 7992.91 -0.59 0.00 0.00 738.19 
Le·Med 117 234 f= 119; f3=78; f5=12; f6=29; 0.957 0.499 1794.90 0.00 -15.98 306.60 124.14 
Le·Tr 234 351 f=119; f3=78; f10=12; f12=29; 0.957 0.499 3714.92 -0.46 0.00 0.00 316.37 
Q·Med 156 312 f=158; f3=104; f5=12; f6=42; 0.951 0.510 2324.97 0.00 -21.31 408.80 165.52 
Q·Tr 312 468 f=158; f3=104; f10=12; f12=42; 0.951 0.510 6459.84 -1.81 0.00 0.00 421.82 
P5·Ca* 899 1365 f=468; f5=78; f6=390; 2.585 0.722 13145.51 -1.35 0.00 0.00 1195.17
P5·Le* 390 585 f=197; f5=78; f6=104; f10=12; f12=3; 1.573 0.439 6660.22 -1.36 0.00 0.00 527.28 
P5·Q* 509 780 f=273; f5=78; f6=195; 1.807 0.592 7400.17 -0.78 0.00 0.00 667.89 
Op = operation(s) on C26; V = number of vertices;  E = number of edges; Ent = entropy; Eng = energy; Vol = molecular volume(Å3);  
HydE = hydration energy (kcal/mol); LogP = log. of octanol/water partition coefficient (a-dimensional); Ref = refractivity index (Å3); Pol = polarizability index (Å3); 
*: produces a structure with vertex degree larger than 4 
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DISSCUTIONS 
 
The resulted characteristics of the hyperstructures were analyzed using correlation 

matrix presented in Table 3. 
Two properties, represented by logarith of octanol/water partition coefficient and 

refractivity index were not included in correlation analysis due to the impossibility of 
HyperChem to calculate reliable values. 

The following remarks can be stated by analyzing the correlation coefficients: 
÷ The methods used in calculating the correlation coefficients shows that the results were 

not always concordant (e.g. if one correlation coefficient was statistically significant all 
others has to be also statistically significant to be considered as true correlation). 
Following are exceptions: entropy – total number of faces (Γ not significant); hydration 
energy – volume (not significant Kendall’s correlation coefficients); hydration energy – 
polarizability index (not significant τa, τb, and τc), etc. These discordances can be 
explained by the complexity of hyperstructures, the HyperChem was not able to compute 
the QSAR parameters (see the value from Table 2). 

÷ Good correlations (statistically significant) were found between five characteristics: the 
number of vertices (V), number of edges (E), number of faces (F), informational entropy, 
volume and polarizability (with exception between volume – the number of faces, and 
between volume – polarizability, where τa, τb, τc and Γ are not significant). There was 
expected to obtained a good correlation coefficients between V, F and E due to link 
between them gave by the the Euler formulas ∑ ∑ == esfdv sd 2  (Euler, 1736) 
where d = vertex degree, vd = valence of vertex v, e = number of edges, s = face size, fs = 
size of face f). There were also expected to found good and significant correlations 
between V, E, F and hyperstructure volume. Weak to moderate correlations were 
identified between informational entropy and number of vertices and number of edges, 
respectively. The absence of informational entropy has been identified for the 
hyperstructures in which the structure has just one faces size. 

The optimized structure of the hyperstructures with highest entropy (Q·Ca (C26)) and the 
one with lowest energy (P5·Le(C26)) are graphically represented in Figure 2. 
 

Q·Ca (C26) P5·Le(C26) 
Figure 2.  

Representation of hyperstructures with highest entropy (Q·Ca(C26)) and lowest energy (P5·Le(C26)) 
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Table 3.  
Correlation matrix on hyperstructures 

  E  F  Ent  Eng  Vol  HydE  Pol  
r 0.99(3.6⋅10-30) 0.94(1.3⋅10-15) 0.66(4.1⋅10-5) -0.05(0.79) 0.99(6.1⋅10-27) -0.75(9.2⋅10-7) 0.88(4.6⋅10-11)
SQ 0.99(3.0⋅10-26) 0.92(1.8⋅10-13) 0.70(9.8⋅10-6) 0.07(0.69) 0.99(2.9⋅10-26) 0.75(8.1⋅10-7) 0.89(1.7⋅10-11)
ρ 0.98(7.7⋅10-24) 0.89(6.3⋅10-12) 0.73(1.7⋅10-6) -0.11(0.53) 0.99(1.2⋅10-25) -0.75(7.1⋅10-7) 0.89(6.1⋅10-12)
τa 0.89(6.8⋅10-13) 0.74(2.4⋅10-9) 0.53(1.7⋅10-5) 0.039(0.80) 0.92(1.4⋅10-13) 0.56(0.99) 0.81(5.7⋅10-11)
τb 0.89(6.8⋅10-13) 0.74(2.4⋅10-9) 0.55(1.5⋅10-5) 0.039(0.80) 0.92(1.4⋅10-13) 0.57(0.99) 0.82(5.2⋅10-11)
τc 0.87(3.4⋅10-12) 0.72(7.4⋅10-9) 0.52(2.8⋅10-5) 0.04(0.77) 0.89(7.9⋅10-13) 0.54(0.99) 0.79(2.0⋅10-10)

V
 (n

um
be

r o
f v

er
tic

es
) 

Γ 0.95(4.6⋅10-13) 0.79(4.2⋅10-7) 0.58(6.8⋅10-3) 0.04(0.99) 0.95(6.1⋅10-13) 0.61(2.9⋅10-3) 0.86(3.8⋅10-9)
r 1 0.97(1.6⋅10-20) 0.62(1.6⋅10-4) -0.02(0.89) 0.98(1.5⋅10-21) -0.71(5.7⋅10-6) 0.86(2.0⋅10-10)
SQ 1 0.96(8.1⋅10-19) 0.64(7.2⋅10-5) 0.04(0.85) 0.97(4.1⋅10-19) 0.69(1.4⋅10-5) 0.86(2.5⋅10-10)
ρ 1 0.96(1.7⋅10-17) 0.67(2.9⋅10-5) -0.05(0.78) 0.95(2.3⋅10-17) -0.67(3.2⋅10-5) 0.86(3.2⋅10-10)
τa 1 0.82(3.7⋅10-11) 0.47(1.7⋅10-4) 0.01(0.05) 0.84(1.5⋅10-11) 0.48(0.99) 0.74(2.4⋅10-9)
τb 1 0.82(3.7⋅10-11) 0.49(1.5⋅10-4) 0.01(0.05) 0.84(1.5⋅10-11) 0.50(0.99) 0.75(2.2⋅10-9)
τc 1 0.80(1.5⋅10-10) 0.45(2.5⋅10-4) 0.01(0.05) 0.81(6.4⋅10-11) 0.46(0.99) 0.72(6.9⋅10-9)

E 
(n

um
be

r o
f e

dg
es

) 

Γ 1 0.91(3.8⋅10-11) 0.52(0.03) 0.01(0.99) 0.89(2.0⋅10-10) 0.54(0.02) 0.80(2.0⋅10-7)
r    1 0.51(2.9⋅10-3) 0.02(0.89) 0.91(6.2⋅10-13) -0.60(2.9⋅10-4) 0.80(3.9⋅10-8)
SQ  1 0.51(2.7⋅10-3) 0.03(0.86) 0.87(6.5⋅10-11) 0.54(1.5⋅10-3) 0.77(2.7⋅10-7)
ρ  1 0.52(2.5⋅10-3) 0.04(0.81) 0.84(1.8⋅10-9) -0.48(5.0⋅10-3) 0.74(1.4⋅10-6)
τa  1 0.34(5.8⋅10-3) 0.044(0.72) 0.69(3.2⋅10-8) 0.33(0.99) 0.60(1.2⋅10-6)
τb  1 0.35(5.6⋅10-3) 0.045(0.72) 0.69(3.2⋅10-8) 0.34(0.99) 0.61(1.2⋅10-6)
τc  1 0.33(7.2⋅10-3) 0.043(0.73) 0.67(8.5⋅10-8) 0.32(0.99) 0.58(2.5⋅10-6)

F 
(n

um
be

r o
f f

ac
es

) 

Γ  1 0.38(0.25) 0.05(0.98) 0.73(1.5⋅10-5) 0.38(0.25) 0.66(5.1⋅10-4)
r       1 0.01(0.96) 0.71(6.1⋅10-6) -0.81(1.9⋅10-8) 0.55(1.0⋅10-3)
SQ   1 0.035(0.85) 0.74(1.2⋅10-6) 0.80(2.8⋅10-8) 0.60(2.9⋅10-4)
ρ   1 -0.13(0.49) 0.78(1.7⋅10-7) -0.80(4.1⋅10-8) 0.65(6.1⋅10-5)
τa   1 0.06(0.64) 0.59(2.4⋅10-6) 0.60(0.99) 0.50(5.0⋅10-5)
τb   1 0.06(0.639) 0.60(2.0⋅10-6) 0.63(0.99) 0.52(4.4⋅10-5)
τc   1 0.06(0.64) 0.57(4.2⋅10-6) 0.58(0.99) 0.49(7.5⋅10-5)

En
t (

En
tro

py
) 

Γ   1 0.06(0.97) 0.62(1.9⋅10-3) 0.66(4.2⋅10-4) 0.54(0.02) 
r          1 -0.05(0.79) -0.07(0.71) 0.05(0.815) 
SQ    1 0.09(0.61) 0.08(0.68) 0.06(0.74) 
ρ    1 -0.18(0.33) 0.08(0.64) -0.08(0.66) 
τa    1 0.07(0.43) 0.02(0.90) 0.01(0.03) 
τb    1 0.07(0.43) 0.02(0.89) 0.01(0.03) 
τc    1 0.068(0.42) 0.02(0.89) 0.00(0.02) 

En
g 

(E
ne

rg
y)

 

Γ    1 0.07(0.97) 0.02(0.99) 0.01(0.99) 
r             1 -0.83(5.4⋅10-9) 0.87(8.3⋅10-11)
SQ     1 0.82(1.3⋅10-8) 0.88(2.8⋅10-11)
ρ     1 -0.80(2.9⋅10-8) 0.89(8.6⋅10-12)
τa     1 0.63(0.99) 0.84(1.1⋅10-11)
τb     1 0.64(0.99) 0.85(9.8⋅10-12)
τc     1 0.60(0.99) 0.82(4.2⋅10-11)

V
ol

 (V
ol

um
e)

 

Γ     1 0.67(3.6⋅10-4) 0.87(7.5⋅10-10)
r                1 -0.67(3.1⋅10-5)
SQ      1 0.70(8.3⋅10-6)
ρ      1 -0.73(1.7⋅10-6)
τa      1 0.55(0.99) 
τb      1 0.57(0.99) 
τc      1 0.53(0.99) 

H
yd

E 
(h

yd
ra

tio
n 

Γ      1 0.60(4.3⋅10-3)
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CONCLUSIONS 
 

A number of 32 structures obtained by map operations on C26 fullerene were 
considered, and for each, ten parameters were calculated: the number of vertices, edges and 
faces, informational entropy and energy, volume, hydration energy, and polarizability index. 

A good correlation was found between the number of vertices, faces, edges, volume and 
polarizability. Informational entropy and informational energy, calculated on the basis of the 
faces sizes, were moderate/low correlated (entropy) or not correlated (energy) with the other 
investigated characteristics. Because at the most of structures, the LogP and the Ref index 
could not be calculated, these parameters were not considered in correlation analysis. 
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